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Long, flexible physical filaments are naturally tangled and knotted, from macroscopic string down
to long-chain molecules. The existence of knotting in a filament naturally affects its configuration and
properties, and may be very stable or disappear rapidly under manipulation and interaction. Knotting
has been previously identified in protein backbone chains, for which these mechanical constraints are of
fundamental importance to their molecular functionality, despite their being open curves in which the
knots are not mathematically well defined; knotting can only be identified by closing the termini of the
chain somehow. We introduce a new method for resolving knotting in open curves using virtual knots,
a wider class of topological objects that do not require a classical closure and so naturally capture
the topological ambiguity inherent in open curves. We describe the results of analysing proteins in
the Protein Data Bank by this new scheme, recovering and extending previous knotting results, and
identifying topological interest in some new cases. The statistics of virtual knots in protein chains are
compared with those of open random walks and Hamiltonian subchains on cubic lattices, identifying a
regime of open curves in which the virtual knotting description is likely to be important.
INTRODUCTION
Proteins are large, complex biomolecules exhibiting
folded conformations, whose precise form and stability are
fundamental to their biological role [1]. As protein chains
can be thought of as long, tangled curves, it is natural
to ask if they can be knotted. Mathematical knot theory
only defines knots in closed, circular loops [2], whereas the
curves described by protein chain backbones have distinct
endpoints. They are open chains formed from a string of
carbon and nitrogen atoms and may be ‘untied’ by smooth
deformation. A degree of mathematical compromise is
therefore required to determine whether a given protein
chain may be considered knotted [3, 4]; its termini must
somehow be joined to make a closed curve, without dis-
torting the protein’s configuration. Various closure con-
structions have been proposed [4], generally giving simi-
lar results, and applied to protein chain catalogues [5, 6].
These investigations have shown that knotting in proteins
is in fact very rare [6, 7], likely owing to the chemical and
mechanical difficulty of forming such structures making
them evolutionarily disadvantageous [8]. The unlikelihood
of knotting might suggest an evolutionary advantage when
they do occur [9, 10], but it remains unclear in most cases
exactly how this manifests [8, 10].
Fig. 1(a) shows a ribbon diagram representation of a pro-
tein chain. Secondary structures (shown as alpha helices
and beta pleated sheets), as well as bonds other than pep-
tide bonds such as disulphide bonds and hydrogen bonds,
will be ignored in the following analysis, despite some re-
cent investigation of their conformational tangling [12–17].
The corresponding protein backbone is shown in Fig. 1(b)
as a piecewise-linear curve, with each vertex representing a
carbon alpha atom, each connected to its two neighbours,
or one neighbour at the termini. The most obvious way of
closing the backbone into a closed loop is to join its end-
points with a straight line, but such a crude procedure usu-
ally fails to give a knot representative of the protein [3, 4].
A method that has become standard [3, 6, 7] is illustrated
in Fig. 1(c): straight lines are continued from each back-
bone terminus to the same point on a sphere surrounding
the curve (we refer to this as sphere closure). Each point
on the closure sphere gives a closed curve of specific knot
type, which may be the ‘unknot’, equivalent to the trivial
circle. Nongeneric closures where the straight lines inter-
sect the backbone are ignored. The sphere is given a large
enough radius to avoid small-scale geometrical effects; in
practice, the closing lines can be taken as parallel, closing
‘at infinity’ (i.e. the sphere has infinite radius). Labelling
each point on the sphere by the knot resulting from closure
there partitions the sphere surface into ‘islands’ of differ-
ent knot types, and the island covering the greatest area
may be identified as the ‘knot type’ of the protein. The
results of the ongoing KnotProt protein survey [6] (as of
Sep 2016) reveal that according to this definition, 946 of
the 159,518 sequence unique protein chains in the Pro-
tein Data Bank [5] (PDB) are statistically knotted by this
measure.
Here we present an alternative analysis of protein knots.
Rather than closing the backbone curve in 3D, we consider
the projection of the open curve in every direction. Each
such projection gives a 2-dimensional open knot diagram,
a network of arcs intersecting at crossing points, where
one arc passes over the other [2]. Examples are repre-
sented for three perpendicular projections of a simple open
curve in Fig. 1(d). The topological analysis is performed
on the knot diagrams by considering them as virtual knots
via a virtual closure that does not add additional classical
crossings. Virtual knots are a generalisation of the usual
‘classical’ knots, that can capture the open nature of the
diagram via new virtual knot types that do not correspond
to a closed classical knot (although classical knots may
also result from this procedure) [18].
ar
X
iv
:1
61
1.
06
18
5v
1 
 [q
-b
io.
BM
]  
18
 N
ov
 20
16
2a b
c
d
Figure 1. Protein backbone structures as open knotted space curves. (a) shows the backbone and some secondary structure
of the protein with PDB ID 4COQ, chain A (Thermovibrio ammonificans alpha-carbonic anhydrase) [11], while (b) shows only
the backbone chain of carbon alpha atoms as a piecewise-linear space curve. The colouring along the chain serves only to
distinguish different regions and does not have physical meaning. (c) represents the closure of an open curve by straight lines
from its termini to a point on a surrounding sphere. (d) shows a 3-dimensional open curve and its planar projections in three
perpendicular directions; each projection here gives an open knot diagram, where each crossing in the projection indicates
which strand passes over or under the other. In this example, each of these projected knot diagrams represents one of two
different knot types, as explained in the text.
The topological character of the open protein backbone
chain is fully characterised by the distribution, over differ-
ent projection directions, of different classical and virtual
knots resulting from virtual closure. An advantage of this
new method is that it allows a more subtle refinement of
the knot distribution associated with an open curve, as
the inclusion of virtual knots can better capture the con-
formations of backbones where tangling is evident but no
single knot type dominates. This analysis is particularly
suitable for protein curves, and relates to the distinction
between deep knots (whose knotting is strongly classical)
and shallow knots (whose topological spectrum becomes
significantly richer under virtual knotting). We quantify
these changes, and suggest how these techniques could
apply to specific other systems of open curves.
METHODOLOGY AND RESULTS
Projected open curves and virtual knots
In this Section we summarise some basic mathematics
of knot and virtual knot classification [2, 18]. A more
complete summary of both classical and virtual knot theory
is given in Supplementary Note 1.
Knots are labelled and ordered in knot tables [19–22]
according to their minimal crossing number n, which is the
minimum number of crossings a 2-dimensional diagram of
the knot may have [2]. The closed knots are labelled nm,
where m counts the knots of minimal crossing number n,
not distinguishing enantiomeric pairs with opposite chirality
(indeed, we do not distinguish between such pairs here,
although it would be possible to do so). Examples of some
simple knots appear in Fig. 2(a), such as the trefoil knot 31
(the only knot with n = 3) and the only two five-crossing
knots 51, 52. Composite knots, in which more than one
knot is tied in a single curve, do not appear in protein
chains [6]. A given knot has many possible conformations,
3which may have arbitrarily many crossings in projection;
equivalent conformations (which can be deformed into one
another without cutting and joining) are said to be ambient
isotopic, and their diagrams can be related by a sequence
of Reidemeister moves [2] (see Supplementary Fig. 1).
Open curves are technically not knots, as they do not
form a closed loop and so have endpoints. We instead
close the endpoints with an arc that makes virtual cross-
ings with the other arcs, which do not distinguish over or
under crossing. Under this virtual closure each open di-
agram represents a virtual knot [18], a generalisation of
normal knot diagrams. All the topological information is
contained within the classical crossings (in this sense, the
virtual crossings represent ‘not closing’ the curve), so the
virtual crossings capture the ambiguities between the dif-
ferent classical closures. A given open knot diagram has
the same virtual knot type under all possible virtual clo-
sures, although this may still represent a classical knot (and
all classical knots can arise from virtual closure). This pro-
cedure is illustrated in Fig. 2(c)-(e): in (c) and (d) the
endpoints can be closed with no additional virtual cross-
ings, in both cases representing the classical trefoil knot
31, while in (e) there is no way to avoid crossing an in-
tervening strand. Fig. 2(f) and (g) show the ambiguity of
classical closure, resulting in the unknot 01 and trefoil knot
31 respectively, while in (h) the virtual closure produces a
single virtual knot. We note that open knot diagrams could
instead be considered in the slightly wider class of classi-
cal knotoids [24], whose isotopies are determined by aug-
mented Reidemeister moves which forbid endpoints from
passing over/under any strand of the curve, but although
knotoids form their own topological classes [24, 25] they
have not yet been robustly tabulated (see Supplementary
Note 1). Our method corresponds to the virtual closure of
the classical knotoid [25].
Tabulations of virtual knots [18, 23] follow the same or-
dering logic. We denote virtual knots with a prefix ‘v ’,
i.e. vnm where n is again the minimum classical crossing
number (there is no relationship between the classical nm
and virtual vnm), with examples given in Fig. 2(b). n is in-
variant to (appropriately generalised) ambient isotopy and
‘virtual’ Reidemeister moves (see Supplementary Note 1).
As with the classical tabulation, all mirror-symmetric part-
ners are considered to be equivalent. Not all virtual knots
can arise from virtual closure of open diagrams. The only
ones that can occur are those that can be drawn with all
virtual crossings adjacent, with no classical crossings in be-
tween (i.e. along the closure arc); the examples with up to
4 classical crossings are shown in Fig. 2(b). There are still
many more of these than classical knots for given n: the
classical (virtual) count is 1 (0) for n = 0; 0 (1) for n = 2;
1 (1) for n = 3; 1 (8) for n = 4, etc.
In practice, the knot type (classical or virtual) of each
closed diagram is found through calculation of knot invari-
ants [2, 18, 19, 23], which are functions of the diagram
whose values depend only on its (classical or virtual) knot
type. Most readily-calculated invariants fail to distinguish
certain distinct knots [2], so we identify types by the char-
acteristic signatures of a set of invariants, calculated se-
quentially until the knot type is clear (after additionally
simplifying each diagram algorithmically using Reidemeis-
ter moves). It is more computationally efficient to cal-
culate polynomial invariants at specific values rather than
symbolically, and we consider them at certain roots of
unity [27]. For classical knots, invariants are: the Alexan-
der polynomial [2] ∆(t) at t = −1 (the knot determi-
nant [2]), t = e2pii/3 and t = −i . For virtual knots we
use the generalised Alexander polynomial [23, 28] ∆g(s, t)
at (s, t) = (−1, e2pii/3), (−1, i), (e2pii/3, i); and the Jones
polynomial V (q) [2, 19, 29, 30] at q = −1. Classical knots
have ∆g = 0.
We will present results on knotting in terms of the frac-
tions of directions giving different knot types under sphere
or virtual closure. Fig. 3(a)-(b) demonstrate this struc-
ture for an example protein chain, by colouring the sphere
according to the knot types found in each direction from
both of the closure methods, while (c) and (d) show the
same results in an (area-preserving) Mollweide projection
of the sphere area such that its entire surface is visible;
this projection is preferred in later figures. In the sphere
closure map (c), many of points are unknotted (grey), yet
59% give a trefoil knot 31, which therefore dominates and
so this backbone was determined by [6] to be 31 knot-
ted. The smaller islands where closures form more com-
plex knots make up less than 7% of the sphere area. In
the corresponding virtual closure map (d), the virtual knot
v21 is associated with much of the area identified as 01 or
31 in (c), now appearing in 54% of different projections.
This curve therefore has strong virtual character, and its
virtual knot type reflects the ambiguity of the open curve
between the unknot and trefoil knot.
Analysis of the Protein Data Bank
We now present the results of our survey of knotting
in the Protein Data Bank (PDB) [5], using both sphere
closure and virtual closure. Following the methodology of
the KnotProt database [6], we constructed a minimal set
of distinct chains from the 121,532 structures recorded in
the PDB, analysing only each sequence unique chain in
a given protein and rejecting chains containing artefacts.
We additionally restrict attention to chains that have not
been made obsolete by more recent measurements. The
PDB records for some of the remaining proteins have bro-
ken chains (where the chain conformation is uncertain),
which we close with straight lines. This gives a total of
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Figure 2. Classical and virtual knot diagrams which could occur as closures of open curves. (a) shows the first six classical
knots in the standard tabulation (including the unknot 01); all but 51 have been identified as dominant knot types in at least
one protein [6]. (b) shows the virtual knots with n = 2, 3, 4 as tabulated in [23], all of which can arise as virtual closures of
open knot diagrams. Virtual crossings are shown as circles. (c)-(h) show examples of open diagrams, which may be identified
under virtual closure as classical or virtual knots. (c)-(e) are equivalent to the projections from Fig. 1(d). (f) and (g) show (e)
closed with a classical arc passing above or below the intervening strands, forming an unknot 01 and trefoil knot 31 respectively,
while (h) shows (e) closed instead with a virtual crossing to produce the knot v21.
159,518 protein chains for analysis. For each chain, we
close/project to 100 different points on the sphere (approx-
imately uniformly distributed following the method of [31]),
considered sufficient for reasonable numerical confidence
at acceptable computational cost [3].
The sphere closure analysis of KnotProt found 946 knot-
ted chains, including 871 trefoil (31) knots, 45 occurrences
of 41, 27 of 52 and 3 of 61 (at time of comparison: Sep
16). Our corresponding analysis gives instead 972 knot-
ted chains, including 894 of 31, 48 of 41, 27 of 52 and
3 of 61, but does include all but one of the KnotProt-
identified chains, leaving 27 additional knot detections.
These discrepancies appear to arise from small differences
in methodology, particularly in rare occasions where very
severe chain breaks are present; 17 of our extra detec-
tions are considered knotted by one or both of the alter-
native protein knots databases pKNOT [32], or Protein
Knots [33]. We therefore consider that our sphere closure
methodology accurately detects protein knotting for the
purpose of comparison with virtual closure.
In the above results, the knot associated with an open
chain is the most common single knot type occurring over
sphere closure in different directions (i.e. the modal aver-
age). Although this methodology is natural, this can miss
certain interesting cases; for instance, a chain closing in
different directions to 40% unknot, 30% 31 and 30% 41
would be considered unknotted, despite giving some knot
for the majority of closure directions. Such cases are much
more frequent under virtual closure, as many more knot
types are possible, and the resulting maps are correspond-
ingly more complex as shown in Fig. 3. We therefore intro-
duce new classes of knotting associated with open chains,
based on the definition that an open chain is unknotted
only if it appears to be 01 in over 50% of closure direc-
tions; it is otherwise considered knotted, in some sense.
For sphere closure, if a single (nontrivial) knot type occurs
in at least 50% of directions we call this strongly knotted,
while if the sum of different nontrivial knot types occurs
for at least 50% of directions, but no single type does, we
call this weakly knotted. This does not significantly affect
the 972 protein knots discussed above; almost all (968) are
strongly knotted by these definitions, with 7 further chains
being weakly knotted. The choice of threshold at 50% is
somewhat arbitrary, and the number of curves identified as
unknotted rises (falls) as it is increased (decreased).
Under virtual closure, the different projections may in-
clude a mixture of virtual and classical knot types. We
refine the distinction of strong and weak knotting to dis-
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Figure 3. Classical and virtual knot types found amongst different projection/closure directions for a protein backbone chain.
The protein backbone shown has PDB ID: 4K0B, chain A (Sulfolobus solfataricus S-adenosylmethionine synthetase) [26].
The points of each sphere are coloured according to the knot type (classical or virtual) found by closure/projection in that
direction. (a) shows the classical knots resulting from sphere closure at each point, with knot types according to the legend,
while (c) shows the same colouring in an area-preserving (Mollweide) projection of the sphere, making its entire area visible.
(b) shows the virtual knot types resulting from projection in each direction on the sphere, and (d) the same colouring again
by projection. These images are constructed from sampling 10, 000 directions in each case. Antipodal points on the sphere are
always associated with the same knot type under virtual closure (up to possibly distinct mirrors for certain virtual knot types),
but may produce different classical knots on sphere closure.
tinguish some major categories of knot character, calling
a chain strongly classically (virtually) knotted where a sin-
gle classical or virtual knot type appears in more than 50%
of virtual closures from different projection directions (e.g.
strongly trefoil knotted or strongly v32 knotted). A chain
is instead weakly classically (virtually) knotted if no knot
type is so individually common, but a combination of dif-
ferent classical (virtual) knot types alone contributes to
over 50% of projection directions (e.g. 30% v31, 30%
v21 and 40% 01 is weakly virtually knotted). In all other
cases, no specific classification dominates, and we call the
curve weakly totally knotted. All of these weak classes
represent knots with significant topological character that
is not consolidated in forming a single deep knot. Exam-
ples of protein chains according to these classifications are
shown in Fig. 4(a)-(d), and the identifications may vary
significantly from the results obtained by sphere closure:
(a) is strongly classically knotted according to both anal-
yses; (b) was unknotted on sphere closure but is strongly
virtually (v21) knotted on virtual closure; (c) was strongly
31 knotted on sphere closure but is weakly virtually knot-
ted on virtual closure; and (d) was strongly 31 knotted
on sphere closure but on virtual closure is weakly totally
knotted.
Altogether we find 1258 protein chains falling into one
of these topological classes, 283 more than in our sphere
closure analysis. The mix of their different classifications is
summarised in Fig. 4(e). As with the sphere closure anal-
ysis, most of these protein chains are strongly classically
knotted (727 cases, all of which were also strongly clas-
sically knotted under sphere closure, and mostly the knot
31), and weak classical knotting is still negligible (2 cases,
7 under sphere closure). Strong virtual knotting is much
less common, occurring in 41 cases, 30 previously con-
sidered unknotted under sphere closure. These are cases
where two classical knot types compete with comparable
area contribution under sphere closure, and in all but one
case the competition is between 01 and 31; the virtual
knots are therefore strongly v21 knotted (the remaining
example is v443 between classical types 01 and 52).
The remaining protein chains are weakly knotted in some
form; 343 are weakly virtually knotted (around a third of
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Figure 4. Results of virtual closure analysis for knotting in the Protein Data Bank. Knot categorisations follow the main
text; strong classical (virtual) knotting where more than 50% of projections form the same classical (virtual) knot type; weak
classical (virtual) knotting when over 50% of projections form classical (virtual) knots but no single knot type dominates,
and weak total knotting where the unknotting fraction does not exceed 50% but no other specific class dominates. (a)-(d)
give examples of knot type maps (see Fig. 2) for protein chains in these different classes, with colours following the legend of
Fig. 3. The upper map in each case shows the results of sphere closure, while the lower shows virtual closure: in (a) PDB
ID: 4E04, chain A (Rhodopseudomonas palustris RpBphP2 chromophore-binding domain) [34], which is classically knotted in
both cases, although the virtual closure reveals new structure; in (b) PDB ID: 3WKU, chain B (sphinogobium sp. SYK-6
extradiol dioxygenase) [35], which is not knotted under sphere closure but is strongly virtually knotted under virtual closure;
in (c) PDB ID: 4XIX, chain A (Chlamydomonas reinhardtii carbonic anhydrase) [36], which is knotted under both sphere and
virtual closure, weakly virtually knotted in the latter; and in (d) PDB ID: 3KIG, chain A (Homo sapiens carbonic anhydrase
II mutant) [37], which is knotted under sphere closure and exhibits weak total knotting on virtual closure. (e) summarises the
number of protein chains in each knotting class under virtual closure. (f) shows knot types found amongst selected categories
of protein chain names, and their distribution amongst knotting classes. In both (e) and (f), hatched areas represent chains
which were also identified as knotted under sphere closure.
7which were not topologically interesting under sphere clo-
sure), and 145 are weakly totally knotted (most of which
were dominated by a classical knot under sphere closure).
The new detections here represent curves that cannot be
easily identified with a single classical knot type because
their conformations are similar to multiple classical knots.
This is demonstrated in Fig. 4(c), whose knot types under
sphere closure suggest little of the complexity evident in
its virtual closure map; this feature is typical of the weak
virtual knots, which for this reason include most of the
new chains that appeared unknotted under sphere closure.
These knots may be interpreted as being rather shallow, as
small modifications to the chain can relatively significantly
affect the maps. The weakly totally knotted chains are
similar but with the classical knots a little deeper in the
chain, as in the example of Fig. 4(d), where the clarity of
the chain’s trefoil knot character is muted but not removed
under virtual closure.
These various classifications of strong and weak knots
form a loose way of capturing the forms of knotting and
tangling exhibited in protein backbone curves, with physical
implications for the depth of the knots in the chain. The
distribution of these classes is uneven amongst the protein
chains; for instance, all 46 examples of 41 under sphere
closure remain strongly 41 knotted under virtual closure,
suggesting consistently small virtual character. Knotting is
also not equidistributed amongst different protein classes:
Fig. 4(f) shows a breakdown of the the different classes of
knotted open chain by protein chain name, for families in
which knotting has previously been observed to cluster [6],
as well as families where new virtual character appears. Vir-
tual knotting appears significant amongst carbonic anhy-
drases, in which the knots are known to be rather shallow,
and all knots found under virtual closure also appear under
sphere closure. In contrast, the virtual knots amongst syn-
thases are almost all newly identified, with previously dis-
covered strong classical knots being deep enough to remain
unchanged by the analysis. Further, the families of hydrox-
ylases and gallate dioygenases contain several examples of
virtual knotting, and neither family showed any evidence
of knotting under sphere closure. It is unsurprising that
the levels of topological complexity are consistent among
members of the same protein families, as they arise from
consistent features in their secondary and tertiary struc-
tures, but it is important that virtual knotting has its own
distribution among protein chain names, distinct from that
of classical knotting.
Comparison with random open chain ensembles
The virtual closure technique for describing knotting is
applicable to any open space curve, but the the presence
of virtual knots relies on particular geometric characteris-
tics of the curve. It is unclear if proteins express these
in a generic fashion, or if virtual knotting is a particularly
good (or bad) descriptor of their backbone chains, and for
comparison we perform a preliminary analysis by sphere clo-
sure and virtual closure for other families of random open
curves. These are drawn from two statistical ensembles:
open random walks, and open subchains of Hamiltonian
walks on a cubic lattice. In order to investigate the new
information provided by virtual knotting we use a simplifi-
cation of the scheme in the previous section, considering
an open curve as ‘knotted’ if over 50% of directions yield a
knot on sphere closure (i.e. either strong or weak classical
knotting), and ‘virtually knotted’ if over 50% of projec-
tion directions are virtually knotted (i.e. either strong or
weak virtual knotting). Virtual closure is a useful technique
for ensembles where the virtual knotting probabilities are
comparable to or higher than closure knotting probabilities,
otherwise most curves will take the same strong knot type
under both analyses. The main parameter against which
knotting is compared is closing distance fraction (CDF)—
the distance between the curve’s endpoints divided by its
total length—which varies from 0 for a closed loop, to 1
for a straight line.
Random walks consist of a sequence of random linear
steps, whose limiting, long-length statistical behaviour is
that of Brownian motion. Their geometry and topology
is quite well understood; for sufficiently long walks, the
statistics are independent of the specific model, tending
towards the characteristic Brownian fractal behaviour [38].
The probability of knotting in closed random walks has
been well investigated [39]. Random walks tend not to
be a good model for proteins, but nevertheless are good
models for other physical systems [27, 39, 40], and are a
convenient comparison model for knotting of open chains
in the absence of physical constraints.
Fig. 5(a) shows the statistics of knotting upon sphere
and virtual closure for a set of random walks with 100
steps generated via the method of [41], with inset showing
a sample random walk. The advantage of this particu-
lar ensemble is that the CDF can be directly controlled,
but for all distances knotting is significantly more common
than virtual knotting (this is most probable around a CDF
of 0.025, where about 5% of the random walks are virtu-
ally knotted, but even at this value classical knotting is at
least 3.5 times as common). This qualitative result ap-
pears to hold for random walks of very different lengths
(not shown). These results are not surprising as knots in
random walks can easily be small, localised deep within the
chain.
This contrasts strongly with the equivalent results for
proteins, shown in Fig. 5(b), which combine all protein
chains from the previous Section despite their backbones
being of many different lengths (from tens to thousands of
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Figure 5. Knotting and virtual knotting probabilities in different open curve ensembles. The closing distance fraction (CDF)
is the ratio of the distance between the open curve’s endpoints with respect to the total curve length. Knotting probabilities
are given (a) 6 × 106 open random walks of length 100; (b) all 159,518 proteins analysed in the previous Section, with various
lengths and binned according to CDF; (c) 5.5×106 length-75 subchains of Hamiltonian walks on cubic lattices of side length 6,
binned by CDF. In (c), the large fluctuations reflect correlations implicit in the lattice. In each figure, the inset shows a typical
example of the curve ensemble, coloured red to blue by hue along its length to distinguish different regions of the curve. Error
bars represent the standard error on the mean probability of the knot statistic.
angstroms and up to ∼3300 carbon atoms in the backbone
chain). The comparatively small number of protein chains
mean the statistics are only useful for qualitative compari-
son. Nevertheless, virtual knotting appears far more likely
relative to classical knotting, possibly becoming more dom-
inant around a CDF of 0.025.
Unlike random walks, protein backbones are charac-
terised by relatively compact geometries (such as the in-
set to Fig. 5(b)), and aspects of this this can be repro-
duced by simple mathematical models of random chains.
In Fig. 5(c), we give the results for one such model: a
subchain of a Hamiltonian walk [7], that is, a path on a
cubic lattice of fixed size, visiting every vertex once and
every edge no more than once. Such curves form a con-
fined, folded structure due to the strict boundaries of the
finite lattice. The geometry and topology of proteins are
best approximated when the Hamiltonian segment is much
shorter than this, such that the lattice confinement is not
strong, and random lattice walks of this type can be ef-
ficiently generated up to lattice side lengths of at least
10 [42].
Fig. 5(c) shows the knotting and virtual knotting sam-
pled from 5.5 × 106 random Hamiltonian subchains with
length 75 on a cubic lattice of side length 6, with these
parameters chosen to approximate the knotting probabili-
ties in Fig. 5(b). Here the virtual knotting is strong rela-
tive to closure knotting, comparable to proteins but very
unlike random walks, and the probability of virtual knot-
ting exceeds that of classical knotting across the small
range 0.04 . CDF . 0.055. This trend appears to be
highly robust to different parameters; even if the lattice is
saturated, such that knots are very common, virtual knot-
ting exceeds classical knotting over approximately the same
range. These results emphasise that virtual knotting is a
generic feature of certain geometrical classes of curves,
arising from relatively weak geometric constraints even in
the absence of the physical complexity of protein chains.
DISCUSSION
We have shown that the backbones of protein chains, as
well as other open curves, can be described topologically
in terms of virtual knotting. Through the method of vir-
tual closure of projections, open chains are found to have
a much wider set of topological classes than the classical
knots in closed curves, and we have found many exam-
ples of different virtual knot types, in projections of protein
chains. Nevertheless, virtual knotting dominates relatively
few proteins, and the virtual knot types which do occur are
only a small fraction of the possible virtual knots. In some
cases this can be thought of as representing a more nu-
anced characterisation of ‘almost’ knotted curves, soften-
ing the binary distinction between knotting and unknotting
imposed by traditional closure methods. In the analysis of
proteins the most dominant virtual class is the weak virtual
knots, where no single knot type is most prevalent but less
than 50% of projected diagram directions are unknotted.
These curves are the most topologically ambiguous, and
cannot be associated with a definite knot type.
9Protein chains express several geometrical properties
that might be expected to encourage virtual knotting: as
they fold they curve and twist into relatively small, chem-
ically bound structures such that their projections have
many crossings; the endpoints of the protein backbone
are often within or near the surface of the structure, such
that projections in different directions produce distinctly
different knot diagrams; and the physical limits on their
curvature and overall tangling mean that knots are rarely
unambiguous local structures but inherently involve the
entire protein chain. This is not true for random walks,
and indeed virtual knotting was found to be less signifi-
cant in them, although Hamiltonian subchains, which do
have some of these properties, were found to be partic-
ularly strongly virtually knotted. We expect that virtual
knotting analysis will be most relevant in other systems
of open curves with compact configurations. A mecha-
nism that might encourage virtual knots in physical sys-
tems is tight confinement, such as that of a curve confined
within a sphere (e.g. DNA within a viral capsid [43, 44])
but also between less confining barriers such as adjacent
planes [45, 46], which might privilege certain projection
directions.
Under the virtual closure analysis, a single chain can
project to many different classical and virtual knot types,
which we have summarised by emphasising ‘strong’ dom-
inating single knot types, or the ‘weak’ classes of mixed
classical and virtual knot types. Although this captures
some differences in the tangling of open curves, it ignores
the rich structure of knot types in the projected map, other
details of which may be necessary to understanding the 3D
spatial conformation of the open chain. Including virtual
knots may be important to understand these maps, not
only because the number of possible types is increased, but
also because they generally occur in between classical knot
types (seen clearly in Figs 3 and 4(b)-(d)), even in chains
which are mostly unknotted. This extra discriminatory abil-
ity would be useful in any classification of open curve ge-
ometry according to these deeper projection correlations,
and could also apply to any investigation of topological
character over time in dynamic systems, capturing the in-
termediate stages between unknotting and unambiguous
classical knotting.
Although we have focused our discussion on the statis-
tics of virtual knotting in protein backbone chains, the anal-
ysis only requires that the curves are open-ended; virtual
closure is a refinement rather than an alternative to ex-
isting methods of analysing knotting in open curves, and
can be applied anywhere in place of sphere closure of the
open chain. This could include other aspects of protein
knotting, such as slipknotting in which knots appear in
subsections of the curve before disappearing as the rest
of the curve ‘unthreads’ itself [47]. Many examples of slip-
knotting have been found in proteins [6], and tracking the
knot type across subchains of the full protein backbone pro-
duces a slipknotting fingerprint. Extending these methods
to include virtual knots via virtual closure would be nat-
ural, as virtual knots would typically occur at transitions
between different classical knot types. The methodology
also can be further extended, for example to systems of
multiple open curves under similar average closures which
extend in the same fashion to the theory of virtual links
(and potentially to a wider class of virtual knot types), and
may even extend to other knot-like objects such as protein
lassos [13].
METHODS
Knot detection by sphere closure of open curves.
For each open chain (here, a protein backbone or random
walk), each direction (point on a sphere around the curve)
is associated with a type of knot. For the sphere closure
analysis, the endpoints of the open curve are closed by ex-
tending them ‘to infinity’ in this direction, giving a closed
curve of a specific classical knot type. In practice, the
3D chain is projected in the plane perpendicular to this di-
rection, then the diagram closed with a straight line that
passes over every intervening arc of the diagram. Each
open curve is projected and analysed in 100 approximately
uniformly distributed closure directions, chosen using the
algorithm of [31]. Previous work has verified that 100 clo-
sure directions is usually sufficient to determine the sig-
nificant statistical behaviour of closures in different direc-
tions [3], and so alternative approximately-uniform sam-
plings should reproduce the same statistics. For each pro-
jection, the resulting knot diagram is algorithmically sim-
plified using Reidemeister moves (see Supplementary Note
1), then the knot type identified through the calculation of
knot invariants as described in the main text. The invariant
used is the modulus of the Alexander polynomial, |∆(t)|,
evaluated at each of t = −1, t = e2pii/3 and t = i , com-
puted using a standard scheme [39]. The Alexander polno-
mial is used because it can be calculated in polynomial time
in the number of crossings of a knot diagram (more dis-
criminatory invariants are harder to calculate), but it is still
sufficient to distinguish unambiguously knots with up to at
least 8 crossings; more complex knots may have invariants
taking the same values, but these complex conformations
are rare and never dominate in protein chains (for instance,
the next knot with the same Alexander polynomial as the
trefoil knot 31 has 13 crossings, and no simpler knot agrees
at the roots of unity we consider either). For simple knots
this choice of three evaluation values is just as discrimina-
tory as the full Alexander polynomial, but more convenient
for numerical calculation.
Knot detection by virtual closure of open curves. For
10
the virtual closure analysis of open curves, the selection
of projection directions proceeds according to the above
method, but the projected diagram in a given direction
is closed instead with virtual crossings and simplified al-
gorithmically using both classical and virtual Reidemeis-
ter moves (see Supplementary Note 1). The same 100
projection directions are used (and 100 directions appear
sufficient to distinguish knot types as in the sphere clo-
sure analysis). Virtual knots require different invariants, we
use the generalised Alexander polynomial ∆g(s, t) at cer-
tain pairs of arguments (s = −1, t = e2pii/3)), (s = −1,
t = i) and (s = e2pii/3, t = i). Unlike the classical knots,
even the simple virtual knots v21, v31 and v494 have equal
∆g(s, t) = (−s−2 + s−1)t2 + (s−2 − 1)t−1 + (−s−1 + 1).
In these cases we additionally calculate the Jones polyno-
mial V (q) at q = −1 [2], which requires exponential time
in the crossing number but unambiguously distinguishes all
these examples. Some more complex virtual knots would
also be ambiguous to these measurements but, as with
the classical knots in sphere closure, are far more complex
than those appearing in protein chain closures. Some vir-
tually closed diagrams represent classical knots, in which
case ∆g(s, t) = 0 and the Alexander polynomial is used as
above. These cases are still occasionally complex virtual
knots with vanishing ∆g, so we further calculate whether
the classical knots produced from over- and under- clo-
sure of the virtual crossing arc are the same; although not
proven, we anticipate that if their knot types differ the di-
agram likely represents a virtual knot, whose type we do
not identify. In practice, such cases make up a negligible
fraction of total projections and do not limit the analysis.
Numerical analysis of protein backbone chains. The
protein chains are obtained from the list of all recorded
protein molecules in the Worldwide Protein Data Bank
(PDB) [48]. In each case the .pdb protein record is down-
loaded and parsed using ProDy [49]. In particular, we parse
the atomic coordinates of each carbon alpha atom, and
reconstruct the protein backbone by connecting these se-
quentially with straight lines. This is an approximation to
the true NCCNCC backbone. In some cases there are miss-
ing residues in the PDB record, and here the distant car-
bon alphas across any breaks are connected with straight
lines to create one, continuous open curve for each pro-
tein chain. We also ignore heteroatom structures. Where
protein chain names are referenced in the text, these are
as recorded in the PDB. Protein ribbon structure images
were created using CCP4mg [50].
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Supplementary Figure 1. Classical and virtual Reidemeister moves, and other algorithmic operations on open knot diagrams.
The Reidemeister moves are local modifications to adjacent crossings of knot diagrams that do not change their topology. For
each move, the rest of the curve (not shown) is assumed not to interact with the depicted region. A suitable combination of
Reidemeister moves can (alongside planar isotopies) transform a given knot diagram to any other representing the same knot.
(a) shows the classical Reidemeister moves involving only classical crossings, with standard labellings. (b) shows the virtual
Reidemeister moves (virtual crossings are circled), which can involve changes in both classical and virtual crossings. (c) shows
analogues of the virtual Reidemeister moves as closures of open curve diagrams with endpoints, in which case the Reidemeister
changes clearly do not affect the topology resulting from virtual closure of the open strand. (d) highlights other relations that
can be applied to open curve diagrams, whose application does not affect the virtual knot type resulting from virtual closure
(disallowing moves 2 and 3 here reproduces the knot diagram relations of classical knotoids [1]). In (c) and (d), each endpoint
of the open endpoints of the open curve is marked by a black circle.
a b
Supplementary Figure 2. Virtual knot v37, a virtual knot which cannot be formed from the closure of a projected open curve.
The usual virtual knot diagram is shown in (a) while the presentation in (b) is depicted on the surface of a torus.
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Supplementary Figure 3. Transformation between two depictions of the virtual knot v464. The initial conformation in (a) is
that depicted as v464 in the virtual knot table of [2]. This conformation could not arise from virtual closure of an open curve,
as its virtual crossings do not lie sequentially along a single arc. An alternative presentation of this knot from the genus one
table of [3] (labelled there as 48), is shown in (f), and does have such a conformation, although it is difficult to see by eye that
this is the same knot as v464. (b)-(e) show how (a) may be transformed to (f) by a combination of virtual Reidemeister moves
and planar isotopies of the knot. In (e), the planar isotopy moving the green strand across the knot is not directly allowed by
the virtual Reidemeister moves, but as the knot diagram is implicitly drawn on S2 this represents the strand passing ‘behind’
the sphere (or on the plane, passing through infinity). In general it is difficult to test whether two (virtual) knot diagrams can
be related this way, hence the calculation of knot invariants which remove the need for diagrammatic manipulation.
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Supplementary Note 1: Topological Background
Classical Knot Theory
In this Supplementary Note we summarise some ex-
tended details of mathematical knot theory as used in de-
riving the results of the main text. Further details can be
found in standard elementary texts [4–6].
Classical knot theory deals with embeddings of the cir-
cle, S1 (i.e. closed, non-intersecting curves), in three-
dimensional space R3. Any given embedding has a distinct
knot type, which is invariant under ambient isotopies (it
may change only when the curve passes through itself).
It is usual to represent knots using a 2-dimensional planar
knot diagram, which can be thought of as a plane projec-
tion of the three-dimensional space curve, annotated with
the extra information of which strand passes over the other
at each self-intersection of the diagram (called a cross-
ing). All the information about the three-dimensional knot
type is contained in such a diagram, and smooth defor-
mations (i.e. ambient isotopies) of the three-dimensional
space curve lead to smooth isotopies of the knot dia-
gram, which may change the configuration of the cross-
ings. In two-dimensional knot diagrams, the changes are
represented by combinations of Reidemeister moves as in
Supplementary Fig. 1(a); applying these local moves in
conjunction with planar isotopies of the knot diagram can
transform between any two diagrammatic representations
of the same knot, and equivalently any ambient isotopy of
a closed three-dimensional space curve is corresponds to a
combination of planar isotopies and Reidemeister moves in
any projection of the knot.
The standard tabulations of knots, in knot tables as dis-
cussed in the main text, are ordered according to their min-
imal crossing number n – the smallest number of crossings
a diagram of the knot can have. For instance, the trivial
circle can be projected to a plane without self intersection
(i.e. no crossings), and so has minimal crossing number
n = 0 and is labelled 01. There are no knots with n = 2,
and one with n = 3, the trefoil knot, denoted 31. The la-
belling nm continues, wherem is an arbitrary index amongst
knots with the same n. These labels are standard, follow-
ing original tabulations up to n = 10 published over 100
years ago, with more recent extensions using consistent in-
dices [5, 7, 8]. Some simple knots from these tabulations
are shown in Fig. 2(a). 01 (the unknot), then 31, 41, etc.
The knots appearing in knot tables are prime knots; com-
posite knots, made up of two or more prime knots tied in
the same curve, are also possible and are tabulated accord-
ing to the composition of their prime factors [4]. All the
tools of knot theory apply equally to composite knots, but
they do not occur significantly in any known protein chain,
and are not considered further here.
It is natural to follow the curve of a knot, which endows
an orientation to the knot (choosing an orientation is an
arbitrary choice that does not affect the results of topo-
logical calculations). Observing the relative orientation of
the strands at a crossing determines the sign of the cross-
ing, either positive or negative. A crossing has the same
sign even if the curve’s orientation is reversed. The mini-
mal diagram of a figure-8 knot 41 has two positively signed
crossings and two negatively signed, and in fact is isotopic
to its mirror image. On the other hand, all three crossings
of the minimal trefoil knot 31 have the same sign, and are
all reversed on its mirror image. Knots such as the trefoil
are thus chiral knots, and this chirality not directly repre-
sented in the tabulation (i.e. there are two enantiomeric
trefoil knots which cannot be be smoothly deformed into
one another). Other chiral knots are 51, 52 and 61 in
Fig. 2(a) of the main text; the others are achiral. We do
not distinguish between chiral knot pairs in our analysis, al-
though knot invariant quantities such as used to distinguish
knots below could be used to do so.
In practice the knot type of a space curve is determined
as follows. First the curve is projected to a 2D knot di-
agram, which contains all the topological information in
its ordered set of signed crossings along the curve. Sev-
eral topological notations representing this information are
standard [4, 5]; we use below the Gauss code, constructed
from an arbitrary starting point and orientation for the
curve. As each new crossing is encountered along the
curve, it is labelled 1, 2, . . . in order as it is encountered.
The Gauss code is the ordered list of these crossing num-
bers as they occur along the curve, together with whether
the curve passes over or under the intersecting strand, rep-
resented by using a positive number in the former case and
negative in the latter (this is not the same as the crossing
sign); each crossing must be encountered exactly twice be-
fore reaching the original starting point, once positive and
once negative. For instance, a Gauss code for a minimal di-
agram of the trefoil knot 31 is 1,−2, 3,−1, 2,−3, and for a
minimal figure-8 knot 41 is 1,−2, 3,−1, 4,−3, 2,−4. It is
obvious that changing the starting point on the curve cycli-
cally permutes the crossings encountered, but all the Gauss
codes obtained this way, or by changing numeric labels (as
long as each crossing retains a unique label) represent the
same knot diagram. The Gauss code written in this way
also does not specify the chirality of the original three-
dimensional curve, this information is contained in the lo-
cal twisting of the two strands around one another and
is sometimes included in extended Gauss code notations.
Crossings which can be removed by Reidemeister moves I
and II can be easily identified in a Gauss code; if crossing
k occurs adjacent to itself, ±k,∓k then it can be removed
by Reidemeister move I, and if ±k,±k + 1, . . .∓ k,∓k + 1
(or ∓k + 1,∓k), then crossings k, k + 1 can be removed
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by Reidemeister move II.
All knot diagrams can be represented by Gauss codes,
but in fact not all Gauss code sequences represent knot
diagrams; for instance, the sequence 1,−2,−1, 2 appears
to be a consistent Gauss code of only two crossings, which
cannot be simplified by Reidemeister moves, and no knot
has n = 2. On attempting to draw a diagram with this
code, one finds it would be necessary for there to be one
extra crossing to allow the curve to return to its starting
point. In fact, this is the Gauss code of the open diagram
shown in Fig. 2 (e) of the main text, and Gauss codes for
open diagrams, and their relation to virtual knots, is the
subject of the next section.
It can be practically difficult to calculate the knot type of
a diagram coming from a projection of a complicated 3D
space curve, which may have many more crossings than its
minimal number n. These crossings would represent local
geometrical or biochemical features that do not affect the
overall knot type; the knot diagrams found from closures
of protein backbones often contain several hundred cross-
ings. Our knot identification proceeds first by algorithmic
simplification via removal of crossings, repeatedly apply-
ing Reidemeister moves I and II where they would remove
crossings locally (Supplementary Fig. 1(a)), as discussed
above. There is no known efficient method to produce
minimal knot diagrams in this way as Reidemeister move
III may also be essential to simplify the diagram but does
not directly reduce the crossing number. In the case of
protein backbones, this occasionally produces minimal di-
agrams but in most cases tens to hundreds of crossings
remain.
The knot types of the simplified diagrams are calculated
using knot invariants, quantities that depend only on the
knot type but are calculated from the geometrical informa-
tion of the curve, i.e. they can be calculated from only the
information in a Gauss code and their value is invariant to
Reidemeister moves. Much of mathematical knot theory
is devoted to the study of knot invariants, and many types
are known. For instance, the minimal crossing number dis-
cussed above is a knot invariant [4], but there is no simple
algorithm to calculate it directly from a presentation of
a knot. The minimal crossing number also demonstrates
that most invariants do not perfectly distinguish knots [4],
as multiple different knots can clearly have the same num-
ber of crossings in their minimal projections; for instance,
both 51 and 52 in Fig. 2(a) have n = 5. More discrimina-
tory invariants exist but are generally relatively difficult to
calculate.
For knot identification we use knot invariants that can
be calculated efficiently (ideally in low order polynomial
time in the number of crossings), while still discriminating
knots sufficiently well. In particular, we choose invariants
which leave no ambiguity between the knots common on
closure of proteins such as those in Fig. 2(a) of the main
text. Some protein closures produce complex knots whose
knot type cannot be uniquely identified using these effi-
cient invariants, but these occur only rarely and do not
impact our analysis. For classical knots, we employ only
the Alexander polynomial ∆(t), which can be found as the
determinant of a matrix whose rows and columns relate
to the crossings of a projected diagram and can be easily
constructed from a Gauss code [9]. Computing symbolic
matrices numerically is relatively slow, and we instead use
the values of |∆(t)| evaluated at roots of unity t = −1,
t = exp(2pii/3) and t = i , such that the calculation can
be performed using floating point arithmetic (this does not
introduce appreciable error). Each of these is individually a
lesser knot invariant, but together they have discriminatory
power comparable to the full Alexander polynomial up to
at least 11 minimal crossings (certainly sufficient for the
relatively simple knots that appear in protein chains).
Many knot invariants, including the Alexander polyno-
mial, are available from standard online resources including
the Knot Atlas [7] for all knots with up to 15 crossings,
and KnotInfo [8] for a wider selection of invariants up to
12 crossings. Supplementary Table I shows values of ∆(t)
at the roots of unity used above, for each of the simple
knots that appear most commonly in protein chains.
Virtual Knots
Virtual knots are an extension to the theory of classi-
cal knots [10] which classify all topological objects formed
of ordered crossings, which generalises the theory of knot
diagrams while keeping a sense of isotopy through Reide-
meister moves. In particular, this includes those orderings
which cannot be realised as plane projections of (closed)
space curves in R3. They can be thought of as the objects
represented by the set of all Gauss codes, including se-
quences such as 1,−2,−1, 2, which does not correspond
to any closed knot diagram, as discussed above. In this
sense, they provide a natural framework to describe open
diagrams, with endpoints that cannot directly be joined,
so do not correspond to classical knots but have knot-like
structure in their sequence of ordered crossings.
Many concepts from classical knot theory naturally gen-
eralise to virtual knots, such as the distinction between
prime and composite virtual knots (including composites
with classical and virtual components). Virtual knots are
tabulated according to their minimum classical crossing
number n [2], and they are denoted here as vnm, follow-
ing the tabulation of [2], as described in the main text.
The simplest nontrivial virtual knot, v21, has n = 2, and
Gauss code 1,−2,−1, 2. There are many more prime vir-
tual knots for n ≥ 2 than classical knots; complete tab-
ulations only extend to virtual knots up to n = 5. There
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are also up to three distinct chiral symmetric partners of
a given virtual knot (compared to at most one partner of
opposite chirality for classical knots): a mirror reflection of
the diagram preserving the classical crossing signs, an in-
version where all classical crossing signs are flipped, and the
combination of both mirrors. As with the classical knots,
we identify all chiral partners of the same virtual knot type
as equivalent.
[10] presents two further equivalent interpretations of
virtual knots, both of which illustrate properties discussed
in the main text. The first, convenient for diagrammatic
representation, draws virtual knots as classical knot dia-
grams (without endpoints) but augmented with an addi-
tional crossing type at self intersection, the virtual crossing,
denoted by a circle around the intersection (e.g. Fig. 2(b)
of the main text). Virtual crossings do not have a sign and
do not contribute to topological calculations, so the Gauss
code follows only by considering the virtual diagram’s clas-
sical crossings and ignoring virtual crossings entirely. In
such virtual diagrams, virtual crossings can be manipu-
lated by suitable generalisations of the classical Reidemeis-
ter moves, which can affect the configuration of virtual and
classical crossings but do not change the virtual knot type;
these moves are shown in Supplementary Fig. 1(b). In par-
ticular, virtual Reidemeister moves I and II can change the
number of virtual crossings, and minimal virtual crossing
number is an invariant of virtual knots; those with mini-
mum virtual crossing number zero are the classical knots,
which make up a subset of the generalised, virtual knots.
We describe a knot here as virtual if the minimum number
of virtual crossings is greater than zero.
The other interpretation of virtual knots is as closed knot
diagrams drawn on surfaces with topology different to the
standard plane of projection (equivalent to its one-point
compactification, the 2-sphere), i.e. drawn on handlebod-
ies with nonzero genus. Any virtual knot can be drawn as
a knot diagram without virtual crossings on a surface of
sufficiently high genus [10]. The virtual crossings previ-
ously described are then interpreted as a consequence of
projection from the handlebody to a plane, in which case
the virtual crossings are intersections of two strands from
different bridges of the handlebody (likewise, a virtual knot
diagram with virtual crossings can be made a knot diagram
on a handlebody by replacing each virtual crossing with a
handle which one strand passes ‘along’ and the other ‘un-
der’ the handle). The minimum genus of any handlebody
on which the virtual knot can be drawn defines the virtual
genus (hereafter referred to as the genus, although this
is distinctly different to the genus referred to in classical
knot theory [4]) of the virtual knot, and is therefore 0 for
classical knots while any virtual knot must have genus at
least 1.
Here, we are considering 2D open diagrams as virtual
knots, and these interpretations of virtual knots relate di-
rectly to virtual closure of open diagrams (formed by pro-
jection of open 3D chains) considered in the main text.
The virtual closure of an open knot diagram corresponds
to adding a closing arc between the open diagram’s end-
points, where all intersections of this arc with the rest of
the diagram make virtual crossings. All closure arcs are
equivalent as they may be transformed to one another us-
ing virtual Reidemeister moves; the Gauss code only de-
pends on the original open diagram, and does not change
when the virtual crossings are altered. In fact, the virtual
Reidemeister moves can be interpreted in terms of the end-
points of open diagrams, shown in Supplementary Fig. 1(c)
in which the moves are effectively equivalent to different
choices of closure.
It is possible to consider the open diagram in these terms
alone (i.e. the open diagram is subject only to the three
classical Reidemeister moves, but the endpoints are for-
bidden to pass over or under a strand creating (or remov-
ing) new crossings, Supplementary Fig. 1(d), otherwise the
open diagram could be untangled to the trivial open curve);
this would produce a classical knotoid [11], a topological
object that encodes information about the topology of the
open curve, but whose classes are not isomorphic to the
virtual knots [1]. Representing knotoids by virtual knots
loses some information – for instance it may not be clear,
from a virtual diagram, which arc at a virtual crossing is
the virtual closure arc (i.e. multiple, distinct knotoids give
the same virtual knot). However, in our analysis, we opt
to work with virtual knots since their tabulation, invari-
ants and other properties are a lot better developed and
understood than for knotoids, and therefore are more con-
venient for application without new mathematics. Only
a small amount of information is apparently lost through
the ambiguity of knotoids as virtual knots, which does not
appear to unduly limit topological analysis; this can be con-
sidered as a similar simplification to ignoring the chirality
of knots.
Since all the virtual crossings resulting from virtual clo-
sure necessarily occur sequentially along the same arc, the
genus of virtual knots obtained by closing open diagrams
is at most one. That is, all the virtual crossings of the dia-
gram may be removed by adding a single handle to the sur-
face on which it is drawn, in between the endpoints of the
open curve, and along which the closing arc runs. Not all
genus one virtual knots can be represented in this way such
that their virtual crossings occur sequentially; an example
is shown in Supplementary Fig. 2(a), whose two virtual
crossings can never be adjacent even under the application
of (virtual) Reidemeister moves, although the knot can be
drawn on a genus one surface sich as the planar diagram
shown in Supplementary Fig. 2(b). The class of virtual
knots that can be obtained from closures of open knot
19
diagrams is therefore subset of genus one virtual knots,
whose minimal presentations pass around the torus exactly
once in one generator direction, and at least once in the
other. This is related to the homology of the curve as
drawn on a genus one handlebody: for any such diagram
we can associate an index with the number of times a curve
wraps around the torus in each direction, and for a virtual
knot these homology indices must be of the form (±1, j)
for |j | ≥ 1 (although this condition is not on its own suffi-
cient due to the presence of more complex topologies with
the same overall homology). We therefore refer to the vir-
tual knots appearing as virtual closures of open curves as
minimally genus one virtual knots.
The virtual knots of genus one were studied and tabu-
lated by [3]. Their description involves a virtual knot in-
variant that is a generalisation of the Kauffman bracket
polynomial with two variables a and x , calculated from the
virtual knot diagram as drawn on the 2-torus. Each pos-
sible bracket smoothing of this diagram, s, is associated
with a factor of xδ(s), where δ(s) is the number of circles
of nontrivial homology in a given smoothing. The polyno-
mials for all minimally genus 1 virtual knots therefore have
the form xf (a), where f (a) is a function of the knot which
does not depend on x , and this property therefore allows
all minimally genus one knots to be readily identified. The
minimally genus one virtual knots of up to n = 4, in the
genus one table [3] are, in the notation of that work: 21,
31, 41, 42, 43, 46, 47, 48 and 49. In the complete virtual
knot table [2], the diagrams which are explicitly minimally
genus one are: v21, v32, v412, v443, v465, v494 and v4100.
After comparing knot invariants between the two tabula-
tions, we were unable to find a partner in [3] for the min-
imally genus one v412 (i.e. it appears to be an erroneous
omission). Thus, from [3] we could identify three further
minimally genus one virtual knots than the complete table,
with this property also confirmed via the Kauffman bracket
method; these correspond to v436, v437 and v464 in [2] (up
to chiral mirrors). This relationship would be difficult to
see by direct inspection of the diagram, and Supplemen-
tary Fig. 3 demonstrates the equivalence of the different
presentations for v464, via a combination of virtual Rei-
demeister moves and planar isotopies. All other minimally
genus one examples agree in the two tables, and we be-
lieve that this completes the full set of minimally genus one
virtual knots with up to four classical crossings.
Just as with classical knots, we identify virtual knot types
by calculating virtual knot invariants (which are, in many
cases, generalisations of classical invariants, such as the
Kauffman bracket polynomial already discussed). Typically
it is more computationally expensive to discriminate virtual
knots than classical knots of the same minimum crossing
number n. The basic procedure of invariant calculation
is similar to that of classical knots, although now virtual
crossings may also be algorithmically removed via virtual
Reidemeister moves I and II. This does not directly af-
fect the classical crossings, but may allow more of them
to be removed. The Alexander polynomial has a number
of extensions in virtual knot theory; we work with the two
variable generalised Alexander polynomial ∆g(s, t) [12]. As
with classical knots, the calculation is significantly faster
evaluated at constant values of s and t, and we use the
combinations (s = −1, t = e2pii/3)), (s = −1, t = i)
and (s = e2pii/3, t = i). However, in contrast to classical
knots, the generalised Alexander polynomial is not enough
to distinguish the two simplest virtual knots possible from
open curves, v21 and v32, as well as some other simple vir-
tual knots (the next are v436 and v465, but although they
are relatively simple these do not contribute significantly to
any of our analysis). When necessary (but primarily in the
case of v21 and v32), we resolve this ambiguity using the
Jones polynomial V (q) [13], which is a classical knot in-
variant that extends to virtual knots without modification.
Since computation of the Jones polynomial takes exponen-
tial time in the number of crossings [4, 7], we compute it
only at the constant q = −1 (sufficient to distinguish v21,
v32, etc.), and only when our chosen values of ∆g(s, t) are
not sufficiently discriminatory to identify the virtual knot.
Virtual knot invariants for each of the virtual knots with
up to four classical crossings can be found in the online
knot table of [2] or, for the Kauffman bracket variant ex-
plained above, in [3]. Supplementary Table I further shows
the values of ∆g and V for each of the minimally genus one
virtual knots in these tables, which together are clearly suf-
ficient to distinguish all relevant knot types.
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